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YK 519.6 .
A.Il. MOTAILJIO
XepcoHChKa Jep;KaBHa MOPChKa aKaaeMis

KYBATYPHA ®OPMVJIA JIII OKTAE/IPA CBOMOI'O
AJITEBPATYHOI O ITIOPAJIKY TOYHOCTI

Ipu pose’azanni 3a0ay mamemamu4noi Qizuxu Memooom CKiH4eHHUX eleMeHmie ons
06’ evHux  obnacmeil i3  GUKOPUCMAHHAM  Peuwimox  mempaeoparbHO-0KmMaeopantbHoi
cmpyKmypu icHye 3adada eubopy mneeHoco 6aszucy okmaeopa ma @opmynu HuceibHO2o
iHmeepyeanHs no oawHomy 6azamocpanHuxy. YucenvHuil po3e’s30xk 3adavi € po3e’si3kom
cucmemu JNiHIIHUX aneebpaiyHux pieHAHb 3 KoegiyieHmamu, AKi € eremMeHmami Mampuis
sHcopemxocmi ma mac. Bio mounocmi kybamypuux opmyn 01 okmaeopa 3anexcuind
TNOYHICIb PO36 SA3KY SPAHUYHOT 3a0adi.

Ipu oucxkpemuszayii pospaxynkogoi obaacnii JiHilIHUMU OKMAeopomM ma mempaeopom
3a0a4y YUCeTbHO20 THMeZPVeants no obaacmi okmaeopa yacmkogo eupiutero. Ilobyooeai
KYOamypwi gopmyiu 015 0OUUCTEHHs JTOKATbHOT Mampuyi xcopcmxocmi 011 okmaeopa 3
KYCKOGO-TIHIHUM, MPUSOHOMEMPUYHUM MA NOTTHOMIQTbHUMU OpPY2020 NOPAOKY bazucamil.
Kybamypna gpopmyna ona obuucnenns enemenmie 10KaTbHOi Mampuyi Mmac no6yooeana o
okmaeopa 3 mpucoHomempuuHum 6asucom. Kybamypui dopmyau ons  oxmaedpa 3
MPUSOHOMEMPUYHUM  MA  NOTIHOMIATbHUMU  OpY2020 NOPAOKY basucamu € mouyHuM,
GIONOGIOHO, ONA MPUZOHOMEMPUHHO20 OKPeMO20 Uy Ma ancedbpaidHo2o mpemvo2o nopaoKy
HOMTHOMIG Ma MiCmMAMb MIHIMQIbLHY KiTbKicHb @V31ie iHIMepnonayii.

V oaniii pobomi nobyooearno xybamypHy opmyay 0is KeaopamuyHozo okmaeopa 3
NOTTHOMIATbHUM HeIeepmozo nopaoxky basucom. [ana gpopmyia € mourow 015 ancebpaiunux
NONIHOMIE CbOMO20 NOPAOKY Ma MAe 06a PizHUX HaAbOpu KOOpOuUHam Gy3li6 ma 6azoeux
xoegiyienmie. Ompumano OYiHKY 3aQIUWIKOE020 YleHa KybamypHoi gopmynu 0na
nidinmezpanvrHux @VHKYIl, AKI  Hanrexcams KIacy c* (Q) Teopemuuni pezvivmamu

nepegipeHo npu O0OYUCTeHHI eleMeHmie JTOKATbHOI Mampuyi sdcopcmxocmi 075 cucmemu
NONIHOMIANBHUX YemEepmozo NOpAOKY basucHux @QyHKyiil keadpamuunozo okmaedpa. 3a
pesvismamami 064UCIeHb GU3HAYEHO ONMUMATLHY 3 MOYHICHIO KVOamypHy Gopmyiy.
Bazogi roegiyienmu oanoi gopmynu € OooamHumiu, 00HA 3 HOMUPLOX 2PYN GV3TiG
iHmepnoaayii He Hanexcums obaacmi oxmaeopa.

Ilobyooeana kvbamypHa gopmyra moxce Oymu 3acmocoeana nNpu po3e a3anHi
2PaHUYHUX 3a0a4 MamemamuyHoi @izuxu 01s 00 ’emHux obracmeil, AKi OUCKPEMU306aHi
peutimkon mempaeopaibHO-0KMAeoOpatbHOi CpyKmypu.

Kmouoei cnoea: xeadpamuunuii oxmaedp, kybamypxa opmyia, ancebpaiuHuii
NOpAOOK MOYHOCMI, CKIHYEHHUII eeMeHnl, Mampuiysa HCopCmKOoCHii.

A.IL. MOTAILIO
XepCOHCKa}I l"OCY,I[apCTBeHHaH MOpCKaH dKaJcMHA

KYBATYPHA ®OPMYVYJIA VI OKTAS/JIPA CEABMOI'O
AJITEBPANYECKOI O IIOPAIKA TOYHOCTH

Ilpu pewtenuu 3a0ay mamemamuyecxoii Gu3UKu MEMOOOM KOHEUHbIX 371eMEHNO0E 015
o0bvermHbIX obnacmeil ¢ UCHOTL30GAHUEM Peulemox  mempa’opanrsHO-0KMAas0panbHoll
CIIPYKMYpsl cyugecmeyem 3adada evbibopa onpedenenHozo basuca okmaopa u @opmyivi
YUCTEHHO20 UHMEZPUPOGAHUA NO OAHHOMY MHO202PAHHUKY. YiicienHoe peuteHue 3adadi
AGNACMCA peuleHteM CUCMEeMbl TUHELHbIX aleebpauieckux YpaeHeHuil ¢ Kosgguyuenmami,
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KOmopbvle AGIAI0MCA SNeMeHmamu mampuy xcecmxocmu u macc. Om moyHocmu KyoamypHsix
gopmyn 01 0OKIMa30pa 3asuUcm MOYHOCHb PEULeHUs. SPAHUYHOTL 3a0aUi.

Ilpu ouckpemuszayuu pacuyemuoii obaacmu JUHEUHbLIMU OKMA30POM U MEMpazopom
3a0aua 4UCIeHHO20 UHINeSPUPOBAHUA NO obaacmu oKna’opa yacmuyxo peutera. Ilocmpoeroi
Ky6amyprvie gpopmynvt 015 GeINUCTEHUS TOKATLHOT MAMPUbl HcecmKocmu 071 OKma»opa ¢
KVCOYHO-TUHEIIHbIM,  NMPUSOHOMEMPUYEeCKUM U  HOTUHOMUATLHLIMU — @NIOPO20  NOPAOKA
basucamu. Kybamypuas ¢gopmyna ons evivucienuus 31eMeHmoe 10KATbHOU Mampulbl MAace
nocmpoena 01 oKkmas3opa ¢ mpuzoHomempudeckum basucom. Kybamypusie gopmynst ons
OKMasopa ¢ MpUeOHOMEMPUYECKUM U HOTUHOMUATLHLIMU GIOPO20 HOPAOKA basucami
AGNAOMCA NMOYHLIMU, COOIGEINCINEEHHO, ONA MPUSOHOMEINPUYEeCcKo20 YdACHO20 6uod u
anzebpauieckozo mpemvezo NOpAOKa NOTUHOMOG U COOEPHCANM MUHUMATbHOE KOTUHecneo
V37106 UHMepnoaAYUU.

B oaunoii pabome nocmpoerna xybamypuas ¢opmyia 0ns keaopamuyHo2o okmas’opa
¢ HOMUHOMUATLHBIM YeMEepno2o nopsaoka oazucom. JlanHas gopmyia aeisemes moyHoii s
aneebpauyeckux NOIUHOMOE CeObM0O20 NOPSAOKA U UMeem 06ad PA3HLIX HAbopa KOOPOUHAM
V37106 U 6ecogvix Kospguyuenmos. Ilonyuena oyewxa ocmamouyno2o uieHa KybamypHoii

. 8
Gopmynel 01 nodvinmezpanvHeix @yuxyuii kiacca C (Q) Teopemuuecxue pesyrvmaniol

npoeepeHsl Npu GLIYUCTEHUU 2TeMeHNo8 JTOKATbHOU MAmpulbl HCeCmKOCHU Ol CUCIneMbl
HNOTUHOMUATLHBIX 4emeepnozo nopsaoka 6azucHuix GyHkyull keaopamuyxozo oxkmasopa. Ilo
Pe3VIbmanam @uiyucieHuil onpedeneHa onmuMatbHas no MmoYyHocmu KybamypHas gopmyia.
Becogvie xosgghuyuenmor oprmynsl nonoxcumensHvl, 00Ha U3 HemMwvipex Zpyhn V3o
UHIMEPNOTAYUU He NPUHAdIexHcum obaacmu okmasopa.

Hannas kvbamypHas gpopmyna mosxcem 6vims UCHONb306AHA NPU PeULeHUU SPAHUYHBIX
3adau mamemamudeckoll Gusuxu 011 06beMHblx obiacmel, KOMopvie OUCKPeMU3UPOGaHbI
peutemxotl mempa’3opanbHoO-oKMAa’a0pansHoll CpPYKNVpb.

Kniouegvie crnoea: xeadpamuunuiii okmasop, Kvoamypras gopmyia, anzebpaudecxiii
NOpAOOK MOYHOCN, KOHEYHbIll 2TeMeHIN, Mampuya HcecimKocmu.

A.P. MOTAILO
Kherson State Maritime Academy

CUBATURE FORMULA FOR AN OCTAHEDRON OF THE SEVENTH
ALGEBRAIC ORDER OF ACCURACY

When solving the problems of mathematical physics by the finite element method for
volume regions using lattices of a tetrahedral-octahedral structure, there is the problem of
choosing a specific basis for the octahedron and the formula for numerical integration over
this polyhedron. The numerical solution of the problem is the solution of a system of linear
algebraic equations with coefficients that are elements of the stiffness and mass matrices. The
accuracy of the solution of the boundary problem depends on the accuracy of the cubature
Sformulas for the octahedron.

When the computational domain is discretized by the linear octahedron and
tetrahedron, the problem of numerical integration over the octahedron region is partially
solved. Cubature formulas are constructed for calculating the local stiffness matrix for an
octahedron with piecewise linear, trigonometric and second-order polynomial bases. The
cubature formula for calculating the elements of the local mass matrix is constructed for an
octahedron with a trigonometric basis. Cubature formulas for an octahedron with
trigonometric and second-order polynomial bases are exact for a trigonometric partial form
and third-order algebraic polynomials, respectively, and contain a minimal number of
interpolation nodes.
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In this paper, a cubature formula for a quadratic octahedron with a fourth-order
polynomial basis is constructed. This formula is exact for seventh-order algebraic
polynomials and has two different sets of node coordinates and weight coefficients. An
estimate of the remainder term of the cubature formula for integrand functions of the class

c* (Q) is obtained. Theoretical results were verified by calculating the elements of the local

stiffness matrix for a fourth-order polynomial system of basis functions of a quadratic
octahedron. Based on the calculation results, the cubature formula optimal in accuracy is
determined. The weighting coefficients of the formula are positive; one of the four groups of
interpolation nodes does not belong to the region of the octahedron.

This cubature formula can be used to solve the boundary problems of mathematical
physics for volume regions that are discretized by the lattice of the tetrahedral-octahedral
structure.

Keywords: quadratic octahedron, cubature formula, algebraic order of accuracy,
finite element, stiffness matrix.

IHocTaHoBKa podaeMHu

OmHuM 3 HAOMIDKEHNX METO/IIB pPO3B’SA3aHHS MNPHKIATHHX 3a7ad MaTeMaTHIHOI
¢b13ukn € Meron ckiHdeHHHX eneMmeHTiB (MCE). 3riiHo JaHOMy MeToay TpaHHYHa 3ajada
3BOJNUTHCS /10 PO3B’S3aHHS CHCTEMH JIHINHUX anreOpaidtHUX piBHSAHb BITHOCHO KOOPIMHAT
BeKTOpa HEBIJIOMIX, SKI € 3HaueHHSMH IMyKaHoi (QyHKII y By3lIaX CKIHUEHHO-eJIeMeHTHOI
Mojeni obmacti. KoedimieHTamMu npy BeKTOpl HEBIIOMHX € MaTpHII, AK1 y Teopii IpyKHOCTI
HA3MBAIOTh MATPHUIIIMH JKOPCTKOCTI Ta Mac. EMeMeHTH JTOKaJbHHX MaTpPHUIlh KOPCTKOCTI Ta
Mac 3HaxXOJATh IHTEIpyBaHHSAM J00YTKIB Oa3ncHHX (YHKIIH Ta iX MOXIIHHX IO 00JacTi
ckinueHHoro einemeHTa (CE).

UncenbHe IHTEIpyBaHHS € HEBII'€MHOK YacTHHOIO Iporpamuoi peamizamii MCE.
Bubip meBHOi KyOaTypHOi (opMyIH 3alekuTh BiJ reoMmeTpii Ta mopsaky CE. Skmio
po3paxyHKoBa  00JacTh  JHCKPETH30BaHAa PENNTKOK  TeTpaeapalbHO-OKTaeapaabHOl
CTPYKTYpH, ICHY€E 3a/1ada 1moOy10BH KyOaTypHHUX (OpPMYI] MO OKTaeapy, SKHil He BKIIOYEHO
1o 616moTexn CE BIIOMHX IIpOrpaMHNX KOMILIEKCIB. [IHTaHHS YHCEeIbHOTO 1HTeTpYBAaHHS 110
obmacTi TeTpaelpa [OKIAJAHO ommcaHo B poborax KpmmoBa, 3enkeBnua, Cerepiinia,
[TiHexxaHIHOBa Ta BHKOPHCTOBYEThbcS IpH anrroputMmizamii MCE cydacHHMH cHCTeMaMH
CKIHUE€HHO-eIEMEHTHOTO aHali3y.

AHaJi3 ocTaHHIX JocaiTKeHb i mydaikamii

Y pobotax [1-2] mobymoBaHO (OpPMYIH YHCEIBHOTO IHTETPYBAaHHA IO 00’eMy
JHIITHOTO OKTaejapa 3 KyCKOBO-TIHIITHHMH Oa3HCHHMH (YHKITISIMH, SKI JO3BOJISIOTH TOYHO
BH3HAYaTH eJeMeHTH JoKaabHOoiI MaTpHIll xkopcTkocTi Ha CE y gopmi okTaenpa. ¥V poborti [3]
no0ya0BaHO Ky0aTtypHY GopMyITy TpeThOro anredpaidHoro cTeleHs TOYHOCTI 3 MiHIMaIbHOK
KUTBKICTIO BY3JIiB TS JIHITHOTO OKTaepa 3 MOJIIHOMIAIbHHM JIPYTOro CTeleHs 0a3ucoM, sKa
JI03BOJISIE TOYHO OOYICIIOBATH €JIeMEHTH JIOKaJhbHOI MATpHINl JKOPCTKOCTI Ha JaHOMY
OaraTorpaHHuKy. ¥ po0oTi [4] moOyaoBaHO KyOaTypHY (GOpMyITy IS TPHTOHOMETPHUHIX
MOJIIHOMIB OKPEMOTO BHUY 3 MIHIMATbHOIO KUTBKICTIO BY31IB, SIKa JI03BOJISIE TOYHO 3HAXOIUTH
eIeMEeHTH MAaTpHIlb KOPCTKOCTI Ta Mac Uil OKTaeapa 3 TPUTOHOMETPHYHHM Oa3McoM.
Ky06atypni dopmynm, ki modyaoBaHi y podoTax [3—4], € HalikpaliiMHi 3a KUTBKICTIO BY37IB,
MaroTh JI0JIaTHI BaroBl KoegiIlieHTH Ta po3TaIlloBaHl B 00J1acT1 OKTaeIpa By3/IH IHTePIOJIAIII.

Y poboti [5] oTpuMaHO Habip MOMIHOMIATBHHX HYeTBEPTOTO MOPSAKY OasHCHHX
GbyHKIIi KBaJIpaTHIHOTO OKTaenapa. /s BHKOPHUCTaHHA JIaHOTO OaraTorpaHHHKa K KOMIpKH
CKIHUCHHO-e]IEeMEeHTHOI pelnTKH B aHcaMOml 3 KBaJpaTHUYHHM TeTpaeJpoM HEOOX1THO
PO3B’A3aTH 33/1a4y YHCEILHOTO IHTETPYBAaHHS 110 KBaJIPaTHIHOMY OKTaepy.
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Meta gocaigreHHA
MeTor0 JaHOTO AOCIDKEHHS € moOymoBa KyOaTypHOI (GopMyIn IS OKTaejapa, sKa
MoOke OyTH BHKOpPHCTaHa JUIS 3HAXOMKEHHS €JIeMEHTIB JOKaJIbHOI MATPHINl JKOPCTKOCTI
KBaJIpaTHYHOTO OKTaeapa 3 MOJIHOMIAIFHHM YeTBEPTOTO IMOPSIKY CKIHUIECHHO-eIeMEHTHHM
0azucoM.

Buk/iajeHHs1 0CHOBHOI'0 MaTepiary H0C/IiIKeHHS

Posrnsaemo o0macth Q:{(X, y,z):‘xﬁ‘ yHMSI}C Ry QopMi okTaegpa, 1e
f(x, ; 2) — HenepepBHa Ha Q (yHKmis. J{NS KBaIPaTHYHOTO OKTaeApa 3 TOTiHOMIATbHIMI
JeTBepTOr0 TMOPAAKY OasHCHHMH (QYHKIIAMH [4] eleMeHTH MaTpHIll KOPCTKOCTI

k:[k ]:”IBT DBdxdydz, ne BT = %,%,% — MaTpHIf TpajieHTIB O0a3HCHHX
Al ox &y 6z

byHKII1i {qps }: = {@S (x,, z)}il . D — MaTpHIS IIPYXHOCTI € IoTiHOMaMu cTeners 2(n—1),

Ie 1n — CTelmiHb IOMHOMIB ¢,. SIKmo »n=4, Toal eleMeHTH MAaTpHIll KOPCTKOCTI

CKIHUEHHOTO elIeMeHTa Y (hopMi OKTae/ipa € aareOpaitHIMHU OTIHOMAMH IIOCTOTO CTETIeHS.
Jlnsa mobymoBu KyOaTypHOi (hOpMyIH IO OKTaelpy CKOPHCTA€EMOCh OCHOBHHMH

pe3yIbTaTaMH Teopii UHCeTbHOro IHTETPYBAHHS IO HAMIPOCTININM oOTacTsM B R, SKi
BHKIIaJIeHO ¥ poboTax aBTOpiB [6-8]. KybaTtypHY (hopMyy mo oKTaeapy Oyaemo IIyKaTH y
BUTJISL:

jﬁf(x,_}’,:)dxdvd: MiGsf(xs,ys,:s): I.(f). (1)

ne G, — Barosl KOe(IIIEHTH, (xs Ve zs) — BY3JIH IHTepIOJIAIi, N - KUIBKICTh BY3IIIB.

Bysmu iHTepnomsami ¢opmymn (1) posramyemo B obmacTi (), BpaxoBYIOUH
MIEHTPATbHY Ta OChOBY CHMETPii OKTaepa. P03i0’eMo yci By3/IH Ha YOTHPH TPYIIH:

ad. — BY3IH, K1 JIeXaTh Ha OCIX OKTacpa, IO IIPOXOIATh HYCpE3 HpOTIIJ]eH(Hi

k)
BepIINHHN OaraTorpaHHHKa, poO3TallloOBaHI Ha BIJCTaHI p BiA Ioro IeHTpa, Ta MAalOTh
xoopmiHatu (+,0,0), (0,£p,0), (0,0,£p);
b, — By3mm, fKi € TOYKaMH TlepeTHHY cdepH pajiyca ¢ 3 OCSIMH OKTaeapa, IImo

MIPOXOJAATh Yepe3 CepelnHH IPOTIIEKHHX peOep OaraTorpaHHHKa, Ta MalOTh KOOPIHMHATH
(£¢.£4q.,0), (0,+¢.%q), (£¢.0,+q);

c. — By3IIH, pO3TallloBaHi y TOUKaxX MepeTuHy cepH pajiyca 3 0CSIMH OKTae[pa, II0
IPOXOAATh dYepe3 IEHTPH TEOKIHHA NPOTWISKHHX TIpaHell OaraTorpaHHHKa Ta MaloTh
koopmuHatH (£7,17r,+7);

d, — IeHTp OKTae/pa 3 KOOpAHHATaMU (0, 0, 0) .

Toxai dopmyna (1) mpuiiMae BUTIIS:

[[[ £ Gy z) ety ::::riAsf(as)+i35f(bj)+iCsf(cs)+Dof(d0), )

https://doi.org/10.32782/KNTU2618-0340/2020.3.2-2.18
187



ITPHKTAJJHI THTAHHA MATEMATHYHOI'O MOJJE/TIOBAHHA T. 3, Ne 2.2, 2020
e A.,B_,C_,D, — Barosi koepimenta, N =27.

Juis momioma B (x,v,z)= Y a,x'y’'z", ne a, — xoedimientn, a=ali jk) -
|ee|=0

MYJIBTHIHJIEKC, |a‘ =1+ j+k, 1, J, k= l,_3, tdhopmya (1) € TogHOIO, TOOTO

J‘”Pﬁ (x,3,z)dxdvd= = i GPB(x.,y,.z,). (3)

[ToTpifiHuit 1HTerpand y diBiil dacThHil Gopmyan (3) Ik cyma IMOBTOPHHX IHTETrpailiB
JIOPIBHIOE:

jj B(x,9.2) dmd_—jlf“j‘ (x,.2) dxdyd: + }lj lj (x,.2) dxdyd= +
0 0 l+x+y vo 101x+1_1{Jle
+I I j P, (x,y,z)dxdyd= + j _[ _[ (x,v,2)dxdyd= =
-1-1-x —x-y-1 0 -l+x x-y-1

:iaono +£( q00+a0q0+a002)+i( 400"'“040"'”004)"' 2 (azzn'l'aozz"'aﬁoz)"‘
15 105 315

3 ~ @)

1 1
+— 63 (aG{JO + a5, + a006)+ 945( 420 T Qyop T Ay + Gy + 05, +a024)+ 5670 Ay

[TpaBa gactiHa opMyin (3) micis MiICTAHOBKH KOOPINHAT BY3JI0BUX TOYOK MA€ BHIJIS:

ZGP vz = S AR (a,)+Y B (5,) 43 C.B () DB (d). 5)

[IpupiBHIOIOYH KOE(IIEHTH IPH OJTHAKOBHX &, , OTPHMAEMO CHCTEMY PiBHSIHB!

64, +12B,+8C, + D, —%
2 l
Ap +4B, q +4Cr =—;
15°
A4p*+4Bq* +4Cr* o2
p Bq' 105’
1
2Bq* +4Cr* =—; 6
144 i 105 (6)
2141;96 Jr%?)B’lg.f6 + 8C1r{J =—
4Bq6+8Ci’6:L‘
: boo31s]
qrﬁ:;.
45360
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BinMiTuMo, mo piBHOBIIJaNeH! Bi IIEHTpa OKTaeapa BY3JIH MalTh pIBHI Barosl
koedinieHTH, 10010 4, =...= 4, B, =...=B,, C, =...=C;.

CucteMa (6) Ma€ J1Ba po3B’SI3KH, K1 3aI0BOJIBHIIOTh YMOBaM ITOCTABISHOT 3a/1ati:

,948+ 2370 ’168— 2370 ’2?6+5 2370
1830

~ 4550 142325 2370 s

4 11340 p° 780373 889618842

B = 1 3926 14507 J2370. s=112: 7)
4536-¢° 893?3 22521996
3 N
1 _ 24461 47963 J2370. s 5 =1,

5:45360-1‘16 6256110 45043992

4 89492 777893
D =——64 —12B —8C, = + J2370
° 3 4 ! ' 1042685 444809421

2 _ 948 —/2370 f168+ 2370 fz?ﬁ 52370
P 1830
79

4550 142325 J2370 . s

A =
: ll340-pq 893?2 889618842
1 ~ 3926 14507

B, = == - V2370, s=1,12; (8)
4536-¢,° 89373 22521996
1 324461 47963 —
C = = + J2370, s=1,8;
T 45360-1° 6256110 45043992 '
4 89492 777893
D =2-64-12B —8C, = J237
° 3 4 ! 171042685 444809421

Taxnm unHOM, hopMyta (2) Mae BUTTIS:
([ f (.. 2) dxdlyd= ~ AsZf(as)JrBst(bs)JrCSZf(cs)+D0f(d0), ©9)

JIe BY3IIH IHTEPIIOJNAIIi Ta BaroBi kKoedilieHTH BIANOBIIa0Th hopmyitam (7) ado (8).

IIpu poMy y BHIIAJKY, KOIH By3IaM a_,b_,c. BLINOBITAalOTh 3HAYEHHS p),,q,.7; , By3IH
c, He HauexaTp 00nacTi OKTaeapa. Y BHIIAAKY, KOIH By3TaM a,,b ,c. BIAIOBINAIOTH
3HauYeHHI p,.q,,75, BY3IH b He Halexarh o0IacTi OKTaedpa. Barosl KoedilieHTH
A.,B_.C D, npmimMarTs 101aTHI 3Ha4eHHA B 000X BUIAJKaX.

3amitiMo, mo ¢opmyna (9) 3aIHImaeTbes TOYHOK IS IOJTIHOMIB ChOMOTO CTEIeHS
P, (x,y,z) . JliiicHo,

[[[ 2 (x.3.2)dxdyd= = [[[ B (x, v, z) dxdyd=+ ([[ 3 ax'y’ = dxcve=
Q Q O |ef=7
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OCKUIBKH 0071aCTh 1HTETPYBaHHS yV HOTPIITHOMY 1HTeTpall € CHMETPHIHOIO BITHOCHO

_k

KO3KHOI 3 oceil KOOpIUHAT, a CTEM1Hb MOJIIHOMa Z aykx /=" € HemapHHM, MaeMo:

|e=7

m Z ay, X'y’ z*dxdyd= = 0

le=7

BiamoBigHa cucTeMa piBHSHD

UHM
"‘:v

xylzi=0

-

MH

m Z a,x'y’ =" dxdyd= = Z
Q |e=7

lef=7

Mae po3B’SI30K 4 =..=A4,, B =..=B,, C,=..=C; Ipu NOBUIbHHX 3HAaY€HHIX p.q,r,
AKIIT He npompiqmb poO3B 5131<y cuctemn (6).
Otixe, popmyna (9) € TOUHOIO JUIS TIOJIHOMIB Pm(x, Y z) cTereHs m<7.

OmiHUMO TOYHICT, oOTpuMaHoi Qopmymn. Byaemo BBaxkaThH, M0 (QYHKIISL
f(X): f(& y,z) HaJIeKHTh KIIacy CS(Q) HellepepBHO-IH(ePeHINIIOBaHUX 10 BOCHEMOTO
MOpSIKy BKI0OUHO Ha ) Qynkmiii. Hexaii X :(XO, yo,zo) — JIOBUIBHA TO4YKa oOmacTi Q).
3ammmemo Gopmyry Teitmopa mis f(X) B OKOJII TOUKH _X| 13 3aIHIIKOBUM WIEHOM Y GopMi
Jlarpamxa:

f(X)= ZZ;,amé{X(ﬁ )(X—Xo)ﬂ+Zéamf(‘r“;;éX_X°))(X—XO)ﬁ, (10)

s=1|Bl=s |B-8

=i+ j+k, i, k=13, Bl=1 )k, 0<6<] — mesixe

ne S =p(i j, k) — MynbTHIHIEKC,
qHCIIO.

[TpoiHTerpyeMo 3aIHINKOBHIT WieH dopMyH (9) mo obmacti Q:

ol + _
RO-IZ 5 Lo OO X0)) (- x v

xe R(f)= _”I f(X)dX —1,(f) — 3ammmkoBuil wier Qopmym (1), dX= dxdydz —

elIeMeHT 00’ eMy.

Omianmo piBHICTE (10), BpaxoByrodm, III0 ‘X — XO|£2 JUIS JIOBUIBHHX TOYOK
X, X, eQ:

1 77 (X, +0(X-X,))

Pl e
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2y (X, +6(X - X,))|

D

0

CropaBemmnBicth Gopmynn (9) mepeBipeHO IpH OOUHCIEHHI eleMeHTIB MaTpHIli
JKOPCTKOCTI KBaJJpaTHIHOTO OKTae/pa 3 MOTIHOMIATHbHIMH (QYHKITISIMH Y€ TBEPTOTO MOPSIIKY.

V tabi.1 HaBeIeHO 3HaUeHHS MOXHOKH A = max ‘Rg ( f )| , e =k, . Po3paxyHKn
kpq.p.q=118

BHUKOHAHO Yy CHCTeM1 KOMII'1oTepHoi MaTemaTtuku Maple. 3aagenns K Bianosigae X, =0.

Tabmmg 1
Or1iHKa TOYHOCTI KyOaTypHOi hopmyt (9)

ITapameTrpn
BY3IIiB
IHTePITOJISIIT
OKTaeJpa

A 0 6.38-107"°

Pi:9:1 P2sqrs1s

Posmomin
TIOXIOKH

‘Rg (f )‘ 3a
eIIeMeHTaMH
MaTpHIi k

AHaTI3yI0TH pe3yIbTaTH B Ta01. 1 3a3HaunMo, 110 hopMyIa (9) € HeCTIHKO BITHOCHO
MOXHOOK OKpYITIeHHS, SKIINO BY3IH IHTEpIONAIIi Ta BaroBl KOe]iIIEHTH BIINOBIAAIOTH
bopmynaM (8). OTxe, popMmyia (9) 3 By3IaMH IHTePIIONAII] Ta BATOBUMH Koe]IIlieHTaMH, K1
BH3HaYaOThed (Gopmynaamu (7), € ONTHMATBHOIO 3a TOYHICTIO OOWHCIEHb, OCKUIBKH Mae
noxubky A= max ‘Rg ( f )| =0, 1 Moxe OyTH BHKOPHCTaHa JUIS OOUHCICHHS €IeMEHTIB

km._ p.g=118
JIOKaTbHOI MATPHIIl KOPCTKOCTI KBaJPAaTHIHOTO OKTaelpa 3 MOJIHOMIATHbHUMHU YeTBEPTOTO
TOPSIKY 0a3uCHIMH (DYHKITISIMH.

Takox cai1 BIAMITHTH, IO 3a ¢dopmynoro [6, C. 4] onTuManbHa KUIBKICTH BY3IIIB

IHTePIIOIIAIIi CTAHOBUTE:

(n+m)!

Nz=| —mr
(n+1)!m!

Iie m — CTellHb IOJTIHOMA, #7 — PO3MIPHICTH IIPOCTOPY.

Jnsg m=3 ta n=6 maemo N = 21.
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[TobynoBana KyOaTypHa ¢opMyla MICTHTH Outhble 21 By3ma iHTeprmonsmii. Cipodn

3MEHIIUTH KUIBKICT BY3TiB Y Gopmyi (9) MUISIX0M BHKIIOUSHHS a00 1y0IroBaHHS OYIb-SIKO1
3 TPYI BY31iB a,,b,,c, IpUBOINUTE /10 HECYMICHOI CHCTEMH PIBHSHB (6).

Takox mepeBipeHO, IO ICHY€E IMOCITIIOBHA MiHIMaldbHa KyOaTypHa dopmyna ["aycca,
SKa € TOYHOK I TPUBHMIPHHX TIOJIHOMIB CHOMOTO CTEIeHS B 00NacTi okTaeapa. JlaHa
dbopMy1a MICTHTh 64 BY3IH IHTEPHOJAIi, K1 HalexkaTh 00JacTl IHTeTpyBaHHSI. YcCl Barosi

Koe(IIeHTH € JoJaTHIMIL.

s HafmpocTimmx o6macTeil B R, TaKHX SK Ky6 abo chepa, IOCTiI0OBHA MiHIMaTbHA
KyOaTypHa dopmyina ['ayca, ska € TOUYHOIO JUIS TPUBHMIPHHX IOJTIHOMIB CHOMOIO CTEIeHS,
TaKoX MICTHTh 64 BY3IH IHTEpIONAIIi, SKI HalekaTh 00IacTi IHTeTpyBaHHS, a BaroBl
Koe(iIeHTH € JoaaTHIMH [9].

BucHoBkHu
Y  pobori moOymoBaHO IHTEPHOJIAIINHY KyOaTypHy dopMmyry 1o o01acTi
KBaJI[pATHIHOTO OKTaeJpa, sSIka € TOUYHOI U aaredpaidHHUX ITOJIHOMIB ChOMOTO CTENeHsS Ta
Mae JIBa pI3HHX HAO0OpPH KOOpJHHAT BY3IIB Ta BaroBUxX KoedimieHTIB. OTpHMAaHO OINIHKY
3QTHIIKOBOTO WIeHa KyOaTypHOi dopMmyian IS MiIIHTerpalbHHX (QYHKIINA, SKI HalekaTh
xracy C° (Q) PesynpTaT mepeBipeHO IIpH OOUNICISHHI €JeMEHTIB JOKaJIhbHOI MAaTpHII

JKOPCTKOCTI IS CHCTEMH IIOMIHOMIATHHHX YeTBEPTOr0 IOPSAKY Oa3HCHHX (YHKIIT
KBaJpaTHIHOTO OKTaenIpa. 3a pe3yIbTaTaMH OOYHCIIEHh BHUSBIECHO ONTHMAIBHY 3a TOTHICTIO
KyOaTypHY (OopMyiTy, fKiil BIANOBIZAIOTh KOOPAHMHATH BY3IIB Ta BaroBl Koe(iIll€eHTH
bopmymu (7). IToOymoBana kyOaTypHa (hopMyia MoxKe OyTH 3acTOCOBaHa IpPH pO3B’SI3aHHI
TpaHHYHNX 3ajlad MaTeMaTHdHoi (I3uKH IS 00’eMHHX oOdacTeii, AKI JHCKpPETH30BaHI
PEeNITKOI TeTpaepalbHO-0KTaeJpalbHOl CTPYKTYPH.
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