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XepcoHChbKa JIep:KaBHA MOPCHKA aKageMis

KYBATYPHA ®OPMYJIA HA OKTAEJIPI

Awnoranisa. [Tpu po3s’s3anHl rpaHUYHEX 38749 MATEMATUYHOI (PISUKK METOJ0M CKIHYEHHUX €JIEMEHTIB Y TPH-
BHUMIpPHIM obsacri 3 BUKOPHCTAHHSM PEIIITOK TeTpaeapasbHO- OKTaelpasbHOI CTPYyKTypU icHye HEeOOX1JTHICTH
OTPUMAaHH: (POPMYJI YHCEIHHOTO IHTErPYBaHHS 10 00J1acTl OKTaenpa. ¥ naHii poboTi HOGy,E[OBaHO KybaTypHYy
dopmyTy Ha OKTaenpl, KA € TOYHOI [T anrebpaivHuX TPHBEMIPHHX IIOJIHOMIB TPETBOIO, II'ITOTO T4 CHOMOTO
cremnenis. Ilpu ipomy To4HiCTH OTPEMAaHOI hOPMYJIH BUSHAYAETHCST BUOOPOM BLIIIOBITHHX IPYII BY3JIiB 1HTEPIIO-
ALl K1 pO3TalIoBaHI Ha OCAX CUMeTpil faHoro bararorpanHuka. JlonaBaHH: eBHOI IPYIIU BY3JIiB IPHBOUTD
10 30LJIBIITEHH CTEeIleHs aJarebpaivyHol TOYHOCTI Bl TPETHOrO J0 CHOMOro. Bu3HAaYeHO OnTHMAaJIbHI IIapaMeTpu
oTpUMAaHOI (POPMYJIH 3a KLIBKICTIO BY3JIiB 1HTEPIIOJIAII], JOJATHUMU BarOBUMHU KoeiIlleHTaMu Ta HasBHICTIO
BY3JIiB 3a Me:kaMu 00JIacTl 1HTEerpyBaHHS IIPU PISHUX 3HAUYEHHSX CTeIleHs TPUBUMIPHOrO aJIredpaivyHoro Io-
minoma. OTpUMAHO OIIHKY 3aJIMIIKOBOTO YieHa KyO0aTypHOI (popMyJIH IJIs MIMIHTerpajJbHUX (PYHKINHN, Kl Ha-
JIeKATh KJIACY HeIlepepBHO-IU(EePeHIIH0BAHNX (DYHKITIH no mopsinky 4, 6, 8 BIJIIIOBIIHO B 00JIaCT1 OKTaempa.
Hana dopmyia Moske OyTr BUKOPUCTaHA [Is PO3PAXYHKY CKIHUEHHO-eJIEMEeHTHHUX MaTPHIIb AUCKPETHOI Mosieri
3aziaul, 3abesredye BUCOKU IOPSIOK TOYHOCT] 00UHCIIEHD Ta € €PeKTUBHOIO 38 1aCOBOI0 CKJIAJHICTIO AJITOPHTMY
MeTOIy CKIHYeHHUX eJIEMEHTIB.

Kmrouosi ciioBa: oxkraenp, 6asucHl pyHKIINI, MeTOH CKIHUEHHNX €JIeMEeHTIB, aJre0paluHi IIOJIIHOMII.
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CUBATURE FORMULA ON THE OCTAHEDRON

Summary. When solving boundary value problems of mathematical physics by the finite element method in
the three-dimensional domain using lattices of tetrahedral-octahedral structure, there is a need to obtain for-
mulas for numerical integration in the field of octahedron. The question of determining the elements of matri-
ces that are related to the quadratic functional is important when writing computational programs of the finite
element method. Therefore, the software that implements this method is based on accurate and efficient nu-
merical methods of integration in the finite element, as well as aimed at minimizing the number of operations
and optimal use of RAM and external computer memory. In this paper, we construct a cubature formula on an
octahedron that is exact for algebraic three-dimensional polynomials of the third, fifth, and seventh degrees.
The accuracy of the obtained formula is determined by the choice of appropriate groups of interpolation nodes,
which are located on the axes of symmetry of this polyhedron. All nodes are divided into four groups: inter-
polation nodes, which lie on the axes of the octahedron, passing through opposite vertices of the polyhedron,
located at a given distance from its center; nodes that are the points of intersection of a sphere of radius q with
the axes of the octahedron, passing through the middle of the opposite edges of the polyhedron; nodes located
at the points of intersection of a sphere of radius r with the axes of the octahedron, passing through the centers
of gravity of opposite faces of the polyhedron; the center of the octahedron, located at the beginning of the local
coordinate system. Adding a certain group of nodes leads to an increase in the degree of algebraic accuracy
from the third to the seventh. The optimal parameters of the obtained formula are determined by the number
of interpolation nodes, positive weights and the presence of nodes outside the integration domain at different
values of the degree of three-dimensional algebraic polynomial. The resulting formula satisfies the condition of
positive weights, and is the minimum number of interpolation nodes for algebraic polynomials of third degree
and has two different sets of coordinates of nodes and weights for algebraic polynomials of fifth and seventh
degrees. For polynomials of the fifth degree it is possible to choose a formula, all nodes of which belong to the
integration domain and correspond to the values of parameters p,, r,. For an algebraic polynomial of the sev-
enth degree, regardless of the choice of parameters of the cubature formula, one of the groups of nodes does not
belong to the domain of integration. An estimate of the residual term of the cubature formula for subintegral
functions belonging to the class of continuously differentiated functions to the order of 4, 6, 8, respectively, in
the octahedron domain is obtained. This formula can be used to calculate finite-element matrices of a discrete
model of the problem, provides a high order of accuracy of calculations and is time-efficient algorithm of the
finite element method.

Keywords: octahedron, basic functions, finite element method, algebraic polynomials.

ocraHOBKA nmpobsemu. CborogHl 4yncesib-

He 1HTerpyBaHHS CTae OJHIEID 3 BAMKIIMBUX
vyacTuH Merony ckiHvenHunx eneMmeHtis (MCE).
Ilurtanusa BU3HAYEHHS €JIEMEHTIB MATPHUIb, AKI
IIOB’sI3aH1 3 KBAAPATHUYHUM (PYHKIIIOHAJIOM, € BasK-
JIMBYM IIPY HAIIMCAHHI 00YMCIIOBAJIbHUX IPOTpaM
MCE. Tomy mporpamue 3abeariedeHHs, sgKe pea-
maye MCE, 6asyernbcsa Ha TOUHHX Ta e(PEeKTHUBHUX
YHCEeJbHUX MeTOJaX I1HTerpyBaHHA II0 00JacTi
CKIHUYEHHOI'0 eJIeMeHTa, a TAKOK HaIlpaBjeHe Ha

MIHIMI3AI[0 YKMCJIA OIEpPAalllii Ta ONTHUMAJILHE BH-
KOPHCTAHHS OIIEPATHBHOI Ta 30BHINIHBOI ITam STl
00YHCIIIOBAJIBHOL TeXHIKH.

Bimomo, mo y Bumamky, xoam 3amada € TPHUBH-
MIpPHOIO, IIPY PO3PAXyHKY JUCKPETHOI MOMeJIl 3Ha-
YHO 3pocTae JacoBa cKiaamHicTh aiaropurmy MCE.
[Tpu 11boMy OTHUM 13 CIIOCOOIB OIITHMI3AIlil CKIHYEH-
HO-eJIEMEHTHHX PO3PAXYHKIB € BUKOPUCTAHHS AJIb-
TEPHATUBHUX PEIITOK IPH AUCKPeTHU3allil odsacrl
PO3B’A3yBaHOI TPAHUYHOI 3a0a4i.
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AnaJia ocTaHHIX HOoCaigKeHb i myOmikarii.
VY pobGorax [1-3] 1J1s1 CTBOPEHHS JUCKPETHUX MOJIe-
seit y 3D 3acTocoBaHO TeTpaeapaIbHO-OKTAEIPAITh-
H1 permitku. [Ipu mmpomy y poboti [3] mocimxero
yMOBH 30iskHOCTI umceabHOro po3s’ssky MCE mo
TOYHOT'O HA PEIITKAX TeTPpaeapaibHO-OKTAeIpalIh-
HOI CTPYKTYpPHU IIPU PO3B’A3aHHI IPAHUYHUX 3a11a4
It upepeHITaIbHUX PIBHAHD €JIIITUYHOTO TUILY.
Jst mporpamuol anropurmisarii MCE y po6orax
[1-4] OTPUMAHO d)opMym/I YHMCeJIBHOTO 1HTerpyBaH-
HsI 10 0071aCT1 JIIHIHOIO OKTaespa, sIK1 I03BOJIAIOTH
3HAXOIWTH TOYHO €JIEMEHTH JIOKAJIBLHOI MAaTPHILL
$KOPCTKOCTI JIIHIMTHOTO OKTaeapa 3 KyCKOBO-JIIHIMHY-
mu [1-3], kBagpaTuuyHUMY [4] TA TPUTOHOMETPUIHU-
Mu GasucHuMU (pyHKIamu [5]. ¥V pobori [6] orpu-
MaHO Ky0aTypHy QOpMyJIy s KBaIPATHIHOTO
OKTaeapa 3 IOJIIHOMIAJbHUM YETBEPTOT0 HOPSIKY
basucoM [7], ssKa J03BOJIsIE€ 3HAXOOUTH TOYHO eJie-
MEHTH JIOKAJILHOI MATPHIIl KOPCTKOCTI KBaIpaTHd-
HOTO OKTaespa.

Bupginenus me BupimeHux paHime JacTuH
3araJibHOI mpoosiemu. J[J1s yrceIbHOI aJITOPUTMI-
samii MCE y mpocTopoBux 00/1aCTSX, Kl JUCKPETH-
30BAHO DPEIITKOI TeTpaeapabHO-OKTae pabHOl
CTPYKTYPH, He06x1L[Ho orpuMaTtu KybaTypHl dop-
MyJId Ha JIHIHHOMY Ta KBaIPATHIHOMY OKTae/[pax
JJIsI O0YMCJIeHHS BIATIOBIIHUX €JIEMEHTIB JIOKAJTh-
HUX MaTpuilk mac. J[omaTkoBo iCHye MOKIUBICTD
mo0yyBaTH 3arayibHy (DOPMYJIy UHCEJIBHOTO 1HTe-
rPyBaHHS 110 00JIaCTi OKTaenpa, sIKa Oymae TOYHOIO
JIJIsI TPUBUMIPHHUX aJrebpaivHuX IIOJIHOMIB JI0 CTe-
MeHs N BKJIIOYHO, ONTUMAJIBHOI 34 KIJIBKICTIO BY3-
JIIB 1HTEPIIOJIAIl TA YaCOBOI CKJIAOHICTIO IIPOIIECY
O0YMCITEHB.

Tomi dopmyna (1) samuIeTbest y BUTIIAL:
6

(£ (5, y,2)dxydz = 3" 4.1 (a,
Q s=1

e A, B, C,, D, — BaroBl KOe(iIlieHTH.

+ZB f(b
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Mera crarri. ['os10BHOIO MeETOIO CTATTI € II00YI0-
Ba KybaTypHOl (popMyJIH HA OKTAEIP1, TOUHICTD AKOL
MOSKHA 30LIBIINTH 3 TPETHOr0 OO ChOMOro ajrebpa-
TYHOTO TIOPSAAKY TOJABAHHAM BY3JIiB 1HTEPITOJISIN,
Ta BU3HAYEHHS OITHMAJILHUX ITapaMeTpiB IaHOI
hopMyTH UKCEITHFHOTO IHTETPYBAHHS.

Bnlcna,u OCHOBHOro wMmarepiany. Hexait
Q={(x,y.2):|x|+ \y\+\z\ <l}cR’ — obmacts y copmi
OKTaenpa, B AKINH (QyHKIA f(x,y,z) € Helepeps-
Hoo. Posrisimemo imTerpas ” f(x,y,2)dxdvdz , nme
(x,y,2)€Q , a dxdydz — eJleMeHT 60 €My OKTaeIpa.

JJ1s drcesIbHOrO 3HAXOIMKEeHHS 1HTerpaJja mooy-
IyeMo KybaTypHY OpPMYJIy B BUTJISIL:

J.Hf(x,y,z)dxdydz ~ ZV:G&f(xs,yx,zx) =I,(f), @

e G — Barosl Icoe(bu_ueHTH ( X,,¥,,Z,) — By3IH
irTeposanii, N — KiJIbKICTh By3JIiB.

Byanu irrepmosari dpopmy.tu (1) posrariryemo B 00-
nacti Q, BpaxOBYIOUM IIEHTPAJILHY TA OCHOBY CHME-
Tpii oxTaenpa. PosiGemo ycl By3/mm Ha YOTHPHU TPYIIN:
a, — BY3JI1 1HTEPHOJIAIN], K1 JIeKATh Ha OCSAX OKTae-
Iipa, IO IIPOXOLATEH UYepes IPOTHIJICKH] BepIIHN 0a-
raTOrpaHHMKA, PO3TAIIIOBAHI HA BIACTAHL p Bl MOro
LIeHTpa, Ta MAaloTh KoopauHath (+p,0,0), (0,£p,0),
(0,0,p); b, — Byanm, AKi € TOYKAMH IIepeTHHY cde-
pH pamiyca g 3 OCAMHK OKTaeapa, IO IIPOXOLATH Je-
pes cepeauHY IIPOTUJIEKHUX pebep OaraTorpaHHUKA,
Ta MalOTh KOOPAUHATH (+¢,%¢,0), (0,£¢,%q), (£¢.0,%q);
¢, — BY3JIH, PO3TAILIOBAH] ¥ TOUYKAX IIEPETUHY cepn
paziyca r 3 OCAMH OKTaempa, IIo IIPOXOIATE Yepes
LIEHTPU TSSKIHHA MPOTIJISKHNX I'paHell 0araTorpaH-
HHUKA Ta MalOTh KOOPIUHATH (+r,+r,r); d, — IIEHTp
oKTaespa 3 koopauHaTamu (0,0,0) .

Z S (e)+D,f(d,), @)

Bynemo roBoputH, 1110 1aHa KybaTypHA popMysia Mae aJredpaidHuii MOPSAI0K TOYHOCTI 1 , SKIO BOHA
€ TOYHOIO JJIsT BCIX MHOTOUJIEHIB CTEII€HsI He BUINE n Ta HE € TOUHOI Xoua O JJIs OJTHOTO 3 MHOTOUJIEHIB

cTemmeHda n+1.

[Toxubror kybaTypHOi dopmysau (1) 6yaeMo BBAKATH BEJIUUNHY

max
feC" ()

Rn+l (f) >

I[e Rn+l(

=[] @)ax =1,(1).

— 3aynmIkoBuil wieH gpopmyiu (1), dX = dxdydz — eeMeHT 00’ emy.
Armo f(X)=f(x,y.z), To 3a dhopmystoro Teitnopa aa f(X) B OKOJI TOUKK X, €Q 13 3aJIUIIKOBUM UJIe-

HOM y dopmi Jlarpamika Mmaemo:

me p= B(i,/.k)
Tom

B|=n+1 B! aXﬁ

1 7 (X, +0(X - X,))

(X_Xo)‘3 ’

— MyJIbTHIHIEKC, |B[=i+j+k, i,jk=13, Bl=iljlk!, 0<0<1 — mesKe IUCIIO.

a“ (X, +0(xX - X,
Ra()- [ 3 )

o =

— (X -x,) ax . (3)

OmniruMo piBHICTE (3), BpaxoBy0OUH, 10 | X —XO\ <2 OJIs JOBLIBHUX TOYOK X, X, €Q:

1 a“f X, +0(X - X,))
J=<[l] % 0

n+|
Q [Bl=n+1

e K =const>0.

(X-x)

2" M f (X, +0(xX - X))‘
Bl ax® \

we<f] 5

Q [Bl=n+1

ax =K,

TobTo mis KybaTypHOI dpopMyJIH HOPAAKY n Bel BenmauHu R (f)=0 mpu i<n,a R, (f)>0.

Jia mosiHOMIB P x Vs Z
cx‘ 0
| =i+ j+k, i,j,k=13, bopMysa (2) € TOIHOW, SKIIO

Zawxyf k (n<7), nme ay

— xoedirienTn, o=a(i,j,k) — MyJIbTHIHIEKC,
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4 2 4 2
J.” X, ¥,z dXdde = gaooo + E(“zoo + Ay + Ay ) + E(“me T gy T aoo4) + E(azzo Tay, + azoz) +

@
1 1
+a(aaoo + Gygp t Aygs ) + %(“420 t g + Ay t Ay T Ay, + ‘1024) + 5670 Ay
¥V pobori [6] mokasawo, 110 piBHICTE (4) IPUBOAUTE 0 CUCTEMHU PIBHIHD:
6A+IZB+8C+D:§;
Ap® +4Bq* +4Cr* = —
Alp4 + 4Bq4 +4Crt = i
105
1
2Bq* +4Cr* = —; 5
q 105 (5)
24p° +8Bq® +8Cr® = %,
6 6 1
4Bq° +8Cr° =—;
315
Cré = !
45360
B SIK1H pIBHOBITAJIEH] BiJ] IIeHTPA OKTae pa By3JI1 MalOTh PIBHI BaroBl KoedilieHTH, TOOTO 4, =..=4, =4,
B=..=B,=B, C,=..=C,=C.
Orxe, BITHOBIIHA KybaTypHA QopMyIa Mae BI/II‘JIH,Z[
mf(x y,z dxdydz~AZf )+BZf +C2f )+D-f (d,) (6)

Huxue naseneno HapaMeTpI/I BCIX OTpI/IMaHI/IX RBaz[paTyp, axi SaﬂOBOJII:HFIIOTB YMOBi, KOJI BaroBi Koe-
direHTr IPUAMAITE JOOATHI 3HAYEHHSI.

Kybarypa n=3, N=6, Azg,B:C:D:O , p=+03 [4].

Binmitumo, 1o mana Kybatypa € MiHIMaJIbHOI 38 KIJIBKICTIO BY3JIiB, KA € TOYHOI JJIS II0OJIIHOMIB Tpe-
TBOTO CTYIIEHsI. YCl By3JIM a, HaJIe:KaTh 00JIacTi OKTaeapa.
Kybarypa n=5, N =14 Mae aBa po3B’sI3KH, Kl oTpuMaHo 3 (5) mpu B=D=0. A came:

1) p :L\/24255—231\/1785 o =L\/17199+273\/1785,
S L s c—li—— 1785

~ 480 ' 480 1920 640
2) p, :—\/24255 +231J1785 , 1y :—\/17199—273\/1785 ,
= 1785 ﬂ—— 1785
T480 480 1920 640
SayBa?KI/IMO, 10 y BUIIAJRY, KOJIX By3JaM a,cC, BiHHOBiZ[aIOTB 3Ha4Y€eHHdA p,,n , BY3JII ¢, HE HaJIeKaAThb

. . . . .. k+n)! . .
obJstacti okTaeapa. OpieHTOBHA KIJIBKICTh BY3JI1B IHTEPIOJIAIT N :[ ( ) Jle n — CTYHIHb IIoJIiHOMa, k —

(k+1)n! ]|’
po3MipHicTh mpocTopy [8], ipu n=5, k=3 mopieuoe 10. Crripobu SMEHIITUTH KIJIBKICTh BY3JIiB IHTEPITOJISIINT
B (hopmyti (6) IPUBOSATE 10 HECYMICHOI CHCTEMH PIBHSAHD (5).

Kybarypa n=7, N =27 mae nBa po3B’s13KH [6]:

by o 82T _\/168—\/2370 r_\/276+5\/2370
1= A" o~n 0 41— s 1 — )

1830 834 546
4550 142325 \/— 3926 14507 W

789373 889618842 T 89373 22521996
34461 | AT963 poos ) 89492 TTIR os
T 6256110 45043992 1042685 444809421

9) p o [PB=B0 \/168-“/2370 . \/276—5\/2370
P 1830 " 834 7 546 ’
4550 | 14235 peos o 3926 14507 oo
~§9373 889618842 89373 22521996
324461 | 41963 peoo ) 80492 TTIRO3 s

+ —

6256110 45043992 71042685 444809421
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[Ipu oMy rKom By3siam a,,b,,c, BIOIIOBIHAIOTH
3HAYEHHS p,,q,,7;, By3Iu c,¢Q. Y BUNAIKY, KOJIU
By3JaM a,,b,c, BIIIOBINAOTH 3HAYEHHS p,,q,,7 ,
By3H b g Q).

OpieHTOBHA KUIBKICTH BY3JIIB 1HTEPIOJIAIN]
N=21 mpu n=7, k=3. Cnp061/1 3MEHIIUTA K1JIb-
KIiCTh BYy3JIiB lHTepHOJIHI_lll B Qopmysi (6) mpuBo-
JISITH JI0 HECYMICHOI cucTeMu PiBHSIHE (5).

Bucuosku i npomoauisii. ¥ po0oTi 11o0ymoBaHo
KyOaTypHY QOpPMYJIy II0 00JIaCTl OKTaeapa, TOUYHICTD
SIKOI MOJKHA 30LJIBIINTH 0 CbOMOI'0O aJIre0paidHoro
TIOPSIKY TOJABAHHAM MEBHOI I'PYIIH BY3JIB iHTEp-
MOJIAILNI, T4 BH3HAYEHO OIITHMAJIbHI IIapamMerpu
dopmysm uwmcenpHOro iHTerpyBamus. Orpumana

«Moaonuit BueHuti» * No 5 (93) » TpaBens, 2021 p.

dopmysa 3am0BOIBHSE YMOBI TONATHHX BAroBHX
KOe(IIIIEHTIB, a TaKOK € MIHIMAJIBHOI 3a KLIBKIC-
TIO BY3JIB 1HTEPHOJIAIN]l IpHU n=3 Ta Mae aABa pis-
HHUX HabOpH KOOPAMHAT By3JIB Ta BArOBHUX Koedi-
mieHTiB mpu n={57}. Ilpu n=35 icHye MOKIHBiCTH
obpatu ¢opmysTy, By3au AKOI HaJIeKaTbh 00JIacTl
iHTeryBaHHH Ta BIIIIOBIIAIOTH 3HAYEHHAM Mapa-
MeTpIB Dyl - [Tpu n=7 mesasesxno Bix BubOpyY Ia-
paMeTpiB KybaTypHOI GpopMy/Im 0/fHA 3 TPYII BY3JIiB
He HaJeKUThb obJiacti iHTerpyBauHsA. [loOymoBana
KybaTrypHa dopMmya Moske OYTH 3aCTOCOBAHA IIPU
PO3B’sI3aHHI FPAHUYHUX 32029 MATEeMATUYHOL (pi3u-
KM JJIg 00’ eMHHX 00/1acTel, AKl JUCKPETH30BaHl pe-
IINTKOIO TeTPaeapaIbHO-0KTAeIpaIbHOI CTPYKTYPH.
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