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Abstract. The article presents a mathematical model for a comprehensive 

assessment of the navigator’s qualification based on the analysis of the vessel’s 

trajectory. The model considers technical parameters such as speed and course, as 

well as additional factors like external conditions (weather, currents) and the 

navigator’s psychological state (fatigue, stress). To enhance the accuracy and 

reliability of the assessment, the model integrates data processing methods, 

including the Kalman filter, and machine learning algorithms for the automatic 

optimization of weight coefficients. The model’s adaptability to various 

operational conditions, its validation on different datasets, and its integration with 

other ship management systems for providing real-time recommendations are also 

explored. Furthermore, the model allows for future expansion by incorporating 

additional parameters, such as fuel consumption and maneuvering efficiency. 

Keywords: navigator qualification, trajectory analysis, machine learning, 

Kalman filter, mathematical model, external conditions, parameter optimization. 

Introduction. In modern maritime navigation, ensuring the high 

qualification of navigators is crucial for guaranteeing the safety of shipping and the 

efficiency of operations [1,2]. Traditional approaches to assessing a navigator’s 

qualification often fail to account for the dynamic factors influencing a vessel’s 

trajectory, such as course changes, speed variations, external conditions, and the 

navigator’s psychological state [3,4]. To enhance the accuracy and reliability of 

such assessments, it is necessary to implement automated systems that consider 

these factors and utilize advanced data processing methods, including machine 

learning and filters for trajectory correction. This paper presents a mathematical 
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model designed to evaluate the navigator’s qualification level based on the analysis 

of vessel movement parameters, taking into account additional influencing factors. 

Presentation of the core research material and its results 

Under the proposed framework, a mathematical model for an automated 

expert system is suggested to evaluate a navigator’s qualification by functionally 

analyzing the ship’s trajectory in the Bosphorus Strait. 

1. Data Collection and Preprocessing [5]. 

1.1. Input Data 

The dataset consists of measurements of the ship’s movement parameters: 

Times tamps:  
1

N

i i
t


, where ti - the observation time, i =1,2,...,N. 

Position Coordinates:   
1

,
N

i i i
x y


, where xi, yi - are ship’s coordinates at time 

ti. 

Ship Speed:  
1

N

i i



, where vi - the actual speed at time ti. 

Ship Course:  
1

N

i i



, where θi - is the actual heading at time ti. 

1.2. Data Preprocessing 

Noise and Anomaly Removal: A Kalman filter is used to smooth the data 

and eliminate noise. 

Interpolation of Missing Data: If there are any data gaps, interpolation is 

applied. 

2. Trajectory and Movement Dynamics Modeling [6]. 

2.1. Selection of Speed and Course Models 

To model the speed v(t) and course θ(t) several models are tested, and the 

optimal one is selected based on the best fit quality criteria. 

2.1.1. Linear Model 

Speed:   v vv t a t b   

av - is the speed change rate over time. 

bv - is the initial speed t = 0. 

Course: θ(t) = aθt + bθ  
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aθ - is the course change rate over time. 

bθ - is the initial course t = 0. 

2.1.2. Second-Order Polynomial Model 

Speed: v(t) = avt
2
 + bvt + cv  

av, bv, cv - are the model coefficients. 

Course: θ(t) = aθt
2
 + bθt + cθ  

aθ, bθ, cθ - are the model coefficients. 

2.1.3. Exponential Model 

Speed: v(t) = Ave
kvt

  

Av - is the initial speed. 

kv - is the exponential growth/decay rate. 

Course: v(t) = Ave
kθt

 

Aθ - is the initial course. 

kθ - is the exponential rate of course change. 

2.1.4. Logarithmic Model 

Speed: v(t) = avln(t+δt)+bv  

δt - is a small positive constant to avoid the logarithm of zero. 

Course: θ (t) = aθln(t+δt)+bv 

2.2. Model Parameter Fitting 

Model parameters are selected by minimizing the loss function (least squares 

method): 

For speed:  
2

1
ˆ

N

v i ii
L v v t


     

 ˆ
iv t  - is the modeled speed value. 

For course:  
2

1

ˆN

i ii
L t  


  
   

 ˆ
it  - is the modeled heading value. 

2.3. Optimal Model Selection 
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The coefficient of determination R
2 

is calculated for each model. The model 

with the highest R
2 

and the lowest root mean square error (RMSE) is selected. 

Cross-validation is performed to verify the model’s generalization ability. 

Cross-Validation for Model Generalization Testing [7]. 

We perform cross-validation to verify the model’s generalization capability. 

3. Noise and Anomaly Processing 

3.1. Application of the Kalman Filter 

The Kalman filter is used for data smoothing and system state prediction. 

3.1.1. Recursive Kalman Filter Equations 

State Prediction: 

| 1 1| 1 1
ˆ ˆ

k k k k kx Ax Bu     . | 1 1| 1

T

k k k kP AP A Q    . 

State Update: 
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| 1 | 1

| | 1 | 1

| | 1
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 

 

Where: 

| 1
ˆ

k kx   - is the predicted state at step k. 

|
ˆ

k kx  - is the updated state. 

A - is the state transition matrix. 

B - is the control matrix. 

uk−1 - is the control vector. 

P - is the state error covariance matrix. 

Q - is the process covariance matrix. 

R - is the measurement covariance matrix. 

Kk - is the Kalman gain. 

zk - is the measured vector. 

H - is the observation matrix. 

I - is the identity matrix. 

3.2. Anomaly Detection 
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Statistical methods are used to detect anomalous deviations, such as points 

that fall beyond three standard deviations from the mean. 

Clustering techniques can also be applied to detect atypical movement 

patterns. 

4. Deviation and Stability Assessment [8]. 

4.1. Deviation Calculation 

Speed Deviation:  ˆ
iv i iv v t   . Course Deviation:  ˆ

i i it     

4.2. Statistical Characteristics of Deviations 

Mean Deviation: 
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Root Mean Square Deviation (RMSD): 
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Coefficient of Variation: 
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5. Model Fit Quality Assessment 

5.1. Coefficient of Determination R
2
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5.2. Model Validation 

Cross-validation: We split the data into training and test sets to evaluate the 

model’s generalization ability. 

Residual Analysis: We check whether the residuals are randomly distributed, 

without systematic deviations. 

6. Determining the Integral Qualification Indicator 
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6.1. Selection and Optimization of Weight Coefficients 

Weight coefficients wv, wθ та αv, βv, αθ, βθ are selected based on expert 

evaluations or through optimization, such as the Analytical Hierarchy Process 

(AHP) or using machine learning techniques. 

6.2. Calculation of Indicators for Speed and Course 

Speed:  2 1v v v v vQ R CV    , αv + βv = 1 

Course:  2 1Q R CV        , αθ + βθ = 1 

6.3. Integral Qualification Indicator 

Q = wvQv + wθQθ , wv + wθ = 1  

7. Considering Additional Factors 

7.1. External Conditions 

The correction coefficient Kenv accounts for the influence of weather 

conditions, currents, etc., typically ranging from 0.8 ≤ Kenv ≤ 1.00. 

7.2. Psychological and Physiological Factors 

The psychological state coefficient Kpsych considers the state of the navigator 

(fatigue, stress). 

7.3. Maneuver Dynamics Coefficient 

The coefficient Kdynamic accounts for the complexity of the maneuvers 

performed. 

7.4. Final Formula Considering Additional Factors 

Qfinal = Q × Kenv × Kpsych × Kdynamic  

8. Use of Machine Learning 

8.1. Recurrent Neural Networks (RNN) 

Used for modeling speed and course data sequences. They take into account 

nonlinear and complex temporal dependencies. 

8.2. Clustering and Pattern Recognition 

Clustering algorithms (e.g., k-means) help identify typical movement 

patterns and anomalies. They assist in creating navigator behavior profiles. 

8.3. Optimization of Weight Coefficients 
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Machine learning methods are used to automatically optimize the weight 

coefficients based on historical data and outcomes. 

9. Final Formula for the Comprehensive Indicator 

Qcomprehensive = Qfinal = (wvQv + wθQθ) × Kenv × Kpsych × Kdynamic  

Conclusion. The presented mathematical model allows for a detailed 

assessment of a navigator’s qualification based on the analysis of the vessel’s 

trajectory, considering both technical parameters (speed, course) and additional 

factors (external conditions, psychological state). The inclusion of data processing 

methods, such as the Kalman filter, and machine learning algorithms increases the 

system’s accuracy and reliability. 

To improve the model’s performance, it is essential to validate it across 

diverse datasets to ensure its generalizability, while also developing mechanisms 

for automatic parameter adjustments based on specific operational conditions. 

Integrating the model into the overall ship management system will enable real-

time recommendations for navigators. Regular expert assessments should be 

conducted to refine the model based on real-world observations, and the model 

should be expanded to account for additional factors like fuel consumption and 

maneuvering efficiency for a more comprehensive evaluation. 
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